Abstract. In 2007, Banica and Bichon asked whether the well-known Petersen graph has quantum symmetry. In this article, we show that the Petersen graph has no quantum symmetry, i.e. the quantum automorphism group of the Petersen graph is its usual automorphism group, the symmetric group S 5 .
Introduction
The study of graph automorphisms is an important branch of graph theory. The automorphism group of a finite graph on n vertices without multiple edges is given by G aut (Γ) := {σ ∈ S n | σε = εσ} ⊆ S n , where ε is the adjacency matrix of the graph and S n denotes the symmetric group.
As a generalization of this concept, quantum automorphism groups of finite graphs were introduced in the framework of compact matrix quantum groups. In 2005, Banica [1] defined the quantum automorphism group G + aut (Γ) based on the C * -algebra C(G + aut (Γ)) := C(S + n )/ uε = εu , where S + n denotes the quantum symmetric group defined by Wang [10] . There is also another definition given by Bichon in [5] , which is a quantum subgroup of Banica's quantum automorphism group.
In [2] , Banica and Bichon computed G + aut (Γ) for all vertex-transitive graphs Γ of order up to eleven, except the Petersen graph. The Petersen graph (see figure 1) is a strongly regular graph on ten vertices and it often appears as a counter-example to conjectures in graph theory. For more information concerning the Petersen graph, we refer to the book [7] .
We say that a graph has no quantum symmetry if the quantum automorphism group of Banica coincides with the usual automorphism group of the graph, as defined in [2] . An important task is now to get graphs that do not have quantum symmetry. There is some work done for circulant graphs on p vertices, where p is a prime, in [3] , but there are no results in a more general setting.
Our main result is that the Petersen graph has no quantum symmetry (Theorem 3.3). In our proof, we are mainly using the fact that the Petersen graph is strongly regular. Therefore, the question is if we can use a similar approach for other strongly regular graphs and get results for graphs like the Clebsch graph and the Highman-Sims graph as asked in [4] .
Finite graphs and the Petersen Graph
In this section, we fix some notations and recall some well-known facts about the Petersen graph.
1.1. Finite graphs. A graph Γ = (V, E) is finite, if the set V of vertices and the set E of edges are finite. We denote by r : E → V the range map and by s : E → V the source map. A graph is undirected if for every e ∈ E there is a f ∈ E with s(f ) = r(e) and r(f ) = s(e), it is directed otherwise. For a finite graph Γ = (V, E) with V = {1, . . . , n}, its adjacency matrix ε ∈ M n (N 0 ) is defined as ε ij := #{e ∈ E | s(e) = i, r(e) = j}, where N 0 = {0, 1, 2, . . .}.
1.2.
The Petersen Graph. The Petersen graph is a finite, undirected graph on ten vertices and is defined by the drawing in figure 1. We will denote the Petersen graph by P in this article. 
The degree deg v of a vertex v ∈ V denotes the number of edges in Γ incident with v. We say that a graph Γ is k-regular for some k ∈ N 0 , if deg v = k for all v ∈ V . As we can see in figure 1 , the Petersen graph is 3-regular. Definition 1.1. Let Γ = (V, E) be a k-regular graph on n vertices. We say that Γ is strongly regular if there exist λ, µ ∈ N 0 such that (i) adjacent vertices have λ common neighbors, (ii) non-adjacent vertices have µ common neighbors.
Proposition 1.2. [7]
The Petersen Graph is a strongly regular graph with λ = 0, µ = 1.
Hence, for the Petersen graph, one can write (i), (ii) as follows
∈ E with i = k, then there exists exactly one s ∈ V such that (i, s) ∈ E and (k, s) ∈ E. Remark 1.4. There are only two other known strongly regular graphs with parameters λ = 0, µ = 1, the cycle on 5 vertices and the Hoffman-Singleton graph on 50 vertices.
1.4. Automorphism groups of finite graphs. For a finite graph Γ = (V, E) without multiple edges, a graph automorphism is a bijective map σ : V → V such that (σ(i), σ(j)) ∈ E if and only if (i, j) ∈ E. The set of all graph automorphisms of Γ forms a group, the automorphism group G aut (Γ). We can view G aut (Γ) as a subgroup of the symmetric group S n , if Γ has n vertices
In case of the Petersen graph P, it is well-known that G aut (P) = S 5 .
Quantum automorphism groups of finite graphs
Now, we give the definitions of quantum automorphism groups of finite graphs. But first, we need the definition of compact matrix quantum groups which were defined by Woronowicz [11, 12] in 1987. Definition 2.1. A compact matrix quantum group G is a pair (C(G), u) , where C(G) is a unital (not necessarily commutative) C * -algebra which is generated by u ij , 1 ≤ i, j ≤ n, the entries of a matrix u ∈ M n (C(G)). Moreover, the *-homomorphism ∆ : C(G) → C(G) ⊗ C(G), u ij → n k=1 u ik ⊗ u kj must exist, and u and its transpose u t must be invertible.
In 2003, Bichon [5] defined a quantum automorphism group as follows.
Definition 2.2. Let Γ = (V, E) be a finite graph on n vertices V = {1, ..., n}.
The quantum automorphism group G * aut (Γ) is the compact matrix quantum group (C(G * aut (Γ)), u), where C(G * aut (Γ)) is the universal C * -algebra with generators u ij , 1 ≤ i, j ≤ n and relations 
and therefore we have
the sense of compact matrix quantum subgroups.
The next definition is due to Banica and Bichon [2] . Definition 2.5. Let Γ = (V, E) be a finite graph. We say that Γ has no quantum symmetry if C(G + aut (Γ)) is commutative, or equivalently C(G + aut (Γ)) = C(G aut (Γ)). For more on quantum automorphism groups of finite graphs, see [8] .
The Quantum Automorphism group of the Petersen Graph
In this section, we show that the Petersen Graph P has no quantum symmetry. We use the following lemma. Proof. It holds
The next theorem shows that G + aut (P) = G * aut (P). We state it slightly more general. Proof. We know from Lemma 2.4 that
and therefore we only have to show that Relation (2.5) is fulfilled in C(G
by Relations (2.2) and (2.3).
Take s with (l, s) ∈ E, s = j. Since we also have (j, l) ∈ E, we get (j, s) / ∈ E by (1) of Corollary 1.3. Thus, by (2) of Corollary 1.3, the only common neighbor of j and s is l. Hence, for all a = l, we have (a, s) / ∈ E or (a, j) / ∈ E. Then Relation (2.3) implies u ka u is = 0 or u ij u ka = 0 for all a = l. By also using Relations (2.1) and (2.2), we get
Therefore, we obtain
and we conclude u ij u kl = u kl u ij by Lemma 3.1. Thus, Relation (2.5) is fulfilled in C(G + aut (Γ)) and we get G + aut (Γ) = G * aut (Γ). Now, we can prove our main result. Theorem 3.3. The Petersen Graph P has no quantum symmetry, i.e.
Proof. We show that C(G + aut (P)) is commutative by using (1), (2) of Corollary 1.3 and the fact that P is 3-regular. Let (u ij ) 1≤i,j≤10 be the generators of C(G + aut (P)). It suffices to show that
3), (2.4) and we know that Relation (2.5) is fulfilled in C(G + aut (P)) by Theorem 3.2. Let (i, k) / ∈ E, (j, l) / ∈ E, i = k, j = l (it is obvious for i = k or j = l). By (2) of Corollary 1.3 there exist exactly one s ∈ E such that (i, s) ∈ E, (k, s) ∈ E and exactly one t ∈ E such that (j, t) ∈ E, (l, t) ∈ E.
Step 1: It holds u ij u kl = u ij u st u kl . Since t is the only common neighbor of j and l, we have (j, b) / ∈ E or (b, l) / ∈ E for all b = t. Therefore, Relation (2.3) yields u ij u sb = 0 or u sb u kl = 0 for all b = t. By also using Relation (2.2), we get
Step 2: We have u ij u kl = u ij u st u kl (u ij + u il + u iq ), where q is the third neighbor of t. By using Step 1 and u st u kl = u kl u st (by Relation (2.5)), we have u ij u kl = u ij u kl u st . Relations (2.2) and (2.3) imply
Since the Petersen graph is 3-regular and since we know that j and l are neighbors of t, we get
where we denote by q the third neighbor of t.
Step 3: It holds u ij u st u kl u il = 0 and u ij u st u kl u iq = 0. By Relation (2.1), we have u ij u st u kl u il = 0, because k = i. For the second equation, observe that u ij u st u kq u iq = 0 and u ij u st u kj u iq = u ij u kj u st u iq = 0 by Relations (2.1) and (2.5). We therefore get u ij u st u kl u iq = u ij u st (u kl + u kj + u kq )u iq = u ij u st where we also used Relations (2.2), (2.3). By Relation (2.1) and using u ij u st = u st u ij , we obtain u ij u st u kl u iq = u ij u st u iq = u st u ij u iq = 0, since j = q.
Step 4: We have u ij u kl = u kl u ij . From the previous steps, we conclude u ij u kl = u ij u kl u ij .
Then Lemma 3.1 yields u ij u kl = u kl u ij and this completes the proof.
